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Abstract. We introduce the notion of a manifold admitting a simple 
compact Cartan 3-form ui 3 . We study algebraic types of such manifolds 
specializing on those having skew-symmetric torsion, or those associated 
with a closed or coclosed 3-form u . We prove the existence of an algebra 
of multi-symplectic forms (f> 1 on these manifolds. Cohomology groups 
associated with complexes of differential forms on M n in presence of 
such a closed multi-symplectic form (f> 1 and their relations with the de 
Rham cohomologies of M are investigated. We show rigidity of a class 
of strongly associative (resp. strongly coassociative) submanifolds. We 
include an appendix describing all connected simply connected complete 
Riemannian manifolds admitting a parallel 3-form. 
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1. Introduction 

Let G be a Lie subgroup of O(n). We want to characterize a class of 
natural" G-structures on Riemannian manifolds M n . First, we would like 
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to see G in the list of possible holonomy groups of Riemannian manifolds 
M n . Second, we also like to characterize G as the stabilizer group of some 
exterior /c-form on M n (as it is the case with most of special holonomy groups 
of Riemannian manifolds, see table 1, chapter 10]). Note that the holo- 
nomy group of a Riemannian manifold M n lies in such a "natural" group 
G C 0(n) only if M n admits a parallel fc-form cf> k , which makes M n a 
calibrated manifold. A careful analysis shows that a connected simply con- 
nected complete Riemannian manifold M n admits a parallel 3-form 3 , if 
and only if (M n ,</> 3 ) is a product of basis Riemannian manifolds (M ! ,^)-), 
where either 3 = 0, or M % is flat and </> 3 is a parallel form, or (ftf is one 
of stable 3-forms in dimensions 6,7,8, or cj) 3 is a wedge product of a Kahler 
2-form with a 1-form, or 3 is a Cartan 3-form associated with a simple 
compact Lie group, see Theorem 18.11 for a precise formulation. This moti- 
vates us to study geometry associated with a Cartan 3-form. It turns out 
that these manifolds possess very rich geometric structures, arising from the 
cohomological structure of the associated Lie algebra. 

Our study can be thought as a continuation of the study initiated by 
Hitchin of geometries associated with stable 3-forms in dimension 6, 7, 8, 
[11], [12], which includes the Special Lagrangian (SL) 3-form, the 3-form of 
Cr2-type, and the Cartan 3-form on su(3). On the other hand, our study pro- 
vide new examples and some structure theorems for the theory of manifolds 
provided with a closed multi-symplectic form, which has been discovered 
long time ago in relation with the multi-variate field theory [9], and enjoys 
its active development nowadays [TJ, [23] . 

The plan of our note is as follows. In section 2 we recall the definition 
of a Cartan 3-form co s and show that it is multi-symplectic if and only if g 
is semisimple, see Lemma 12.11 We compute the stabilizer of u g in the case 
that g is a simple Lie algebra over C or a real form of a simple complex Lie 
algebra, see Theorem 12.21 In section 3 we present many examples of mani- 
folds provided with a simple Cartan 3-form. In section 4, using the notion 
of intrinsic torsion, we prove several structure theorems on algebraic types 
of a manifold provided with a compact simple Cartan form w 3 , especially 
on those algebraic types having skew-symmetric torsions, and those associ- 
ated with a closed or coclosed 3-form to 3 of type io g , see Proposition 14.61 and 
Theorem 14.81 Lemma 14.111 Corollary 14.121 We end this section with a the- 
orem describing torsion-free complete ^4ui(g)-manifolds, see Theorem 14.131 
In section 5 we show the existence of an algebra of nowhere vanishing multi- 
symplectic forms 4> l on an orientable manifold M n equipped with a compact 
Cartan 3-form, see Theorem 15.11 and Lemma 15.31 We study cohomology 
groups associated with a closed multi-symplectic form 4> l of the considered 
type and their relations with the de Rham cohomology groups of M n , see 
Theorem 15.91 Example 15.111 Proposition 15.14] Lemma 15.171 In section 6 we 
study a class of strongly associative (or strongly coassociative) submanifolds 
in a manifold M n provided with a compact simple Cartan 3-form and prove 
their algebraic and geometric rigidity, see Proposition 16.21 Proposition 16.41 
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Proposition 16.61 Proposition 16.81 Remark 16.91 In section 7 we discuss some 
questions for further research. In Appendix we describe simply-connected 
complete Riemannian manifolds admitting a parallel 3-form. 

2. CARTAN 3-FORM UJ 3 AND ITS STABILIZER GROUP 

In this section we recall the definition of the Cartan 3-form associated 
with a semisimple Lie algebra g. We show that a Cartan 3-form is multi- 
sympletic, see Lemma 12.11 We compute the stabilizer group of the Cartan 
3-form in the case that g is a simple Lie algebra over C, or a real form of a 
simple Lie algebra over C, see Theorem 12.21 We discuss a generalization of 
Theorem O in Remark E3J3. 

Let g be a semisimple Lie algebra over C or over R. The Cartan 3-form 
w is defined on g as follows 

u B (X,Y,Z) := (X, [Y,Z]), 

where (, } denotes the Killing bilinear form on g. 

Let F be field C or R. We recall that a /c-form co on F n is multi-symplectic, 
if the linear map 

(2.1) : ¥ n A^-^F")*,^ ^ v\oj, 

is an injective map. 

Lemma 2.1. The Cartan 3-form oj q is multi-symplectic, if and only if g is 
semismple. 

Proof. Assume that g is semisimple, then [g,g] = g. Taking into account 
the non-degeneracy of the Killing bilinear form on g, we get immediately the 
"if assertion. Now assume that oj s is multi-simp lectic. Then the Killing 
form (, ) is non-degenerate, since the kernel of the Killing form lies in the 
kernel of L u . This proves the "only if assertion. □ 

Next we note that the stabilizer group Stab(ui s ) of uj s contains the auto- 
morphism group Aut(g) of the Lie algebra g. 

Theorem 2.2. (cf. [6], [141 Theorem 7]) 1. Let g be a simple Lie algebra 
over C. Then Stab(u s ) = Aut(g) x Z3 i/dimg > 3. If dim g = 3 then 
Stab(u s ) = SL(g). 

2. Let g be a real form of a complex simple Lie algebra over C. Then 
Stab(u s ) = Aut(g), i/dimg > 3. J/dimg = 3, then Stab(uJ s ) = SL(g). 

Proof. Kable [I4j Theorem 7] showed that the stabilizer group of the Cartan 
3-form u s on a semisimple Lie algebra g is a semi-direct product of Aut(g) 
with an abelian subgroup M(g) consisting of elements g £ GL(g) such that 
g commutes with the adjoint action of g, and g 3 = 1. Clearly Theorem 12.21 
follows from Kable's theorem and Shur's lemma. 

We also obtain Theorem 12.21 from the result by Freudenthal, who com- 
puted the identity component of the group Stab(u; s ) [6] . Denote by A/"gl( ) (g) 
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the normalizer of g in GL(g), and by ^GL(g) (fl) the centralizer of g in GL(g). 
We observe that there is a monomorphism 

(2-2) AA GL(3) ( )/Z GL(g) ( ) -> Aut(g). 

By Freudenthal's theorem the group Stab(u; 3 ) is a subgroup of N"oL(s) (0) • 
Since the adjoint representation of g is irreducible, Shur's lemma implies 
that Zgl(s)(q) is the center Z(GL(g)) of GL(g). Using (|2.2p we get the 
inclusion Stab(uj 3 ) C Aut(g) x Z3, where Z3 = iJ(GL(g)) PI Stab(uj s ), if g is a 
complex simple Lie algebra of dimension at least 8. We also get the inclusion 
Stab(uj g ) C Aut(g), if g is a real form of a complex simple Lie algebra. Now 
Theorem 12.21 follows immediately, observing that Aut(g) C Stab(oJ s ). □ 

Remark 2.3. In his famous paper [1] Dynkin explained how one can apply 
his result to determine the Lie algebra of the stabilizer group of a G-invariant 
differential form, where G is a simple Lie group. Dynkin's idea and his clas- 
sification result in [3] form a main ingredient of Kable's proof (and our 
unpublished proof) of Theorem 12.21 We thank Dmitri Panyushev for show- 
ing us Kable's paper and Freudenthal's results after a proof of Theorem 12.21 
is obtained. 

Remark 2.4. 1. Theorem 12.21 2 is a generalization of our theorem in |21| 
for case g = s/(3, C) and its real forms, which has been proved by a different 
method. 

2. Let Ad(g) denote the adjoint group of a Lie algebra g. If g is a complex 
simple Lie algebra or a compact form of a complex simple Lie algebra, then 
Aut{g)/Ad{g) is isomorphic to the automorphism group Aut(D(g)) of the 
Dynkin diagram D(g) of g c , PH Theorem IX.5.4, Theorem LX.5.5, Theorem 
X.3.29]. It is well-known that Aut(so(8)) = £3 -the permutation group on 
three letters, Aut(D(g)) = Z2, if g = su n or g = so(2n), n / 4, or g = Eq. 
In other cases Aut(D(g)) = Id. 

3. It follows from Dynkin results [U Theorem 2.1, Theorem 2.2] that if 
g is a simple complex Lie algebra over C or over M. such that g 7^ sp(n, C) 
and g 7^ so(n, C), then the Lie algebra of the stabilizer group of any Ad(g)- 
invariant form <f> 1 on g coincides with g. We conjecture that this assertion 
also holds for g = sp{n) or g = so(n). If the Lie algebra of the stabilizer 
group of (f) is g we can use the same method in the proof of Theorem 12.21 to 
find the stabilizer group of 4> l . 

4. Let g be a compact simple Lie group. The algebra of ^4d(g)-invariant 
forms on g is equal to the algebra of de Rham cohomologies of the group 
Ad(g) , which is well-known. The computation of real cohomology of compact 
Lie groups started by E. Cartan in 1929 was completed for classical groups 
by R. Brauer and by L. Pontryagin in 1935. H. Hopf and H. Samelson 
showed in 1941 that H*(G, R) is an exterior algebra on generators of degrees 
2d± — l....,2d r — I, where I = rankG. But only in 1949 C.T. Yen managed 
to compute the d{ for all exceptional groups, case by case. On the other 
hand, C. Chevalley and J. Leray showed that the di are nothing else but the 
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degrees of the basic invariants over of the Weyl group of G. Nowadays this 
is common knowledge [25j . 

Table\2J^4.1 (compiled from [HI App.A, Table 6.1.4, p. 1742]). The ring 
H*(G, R) of a compact simple Lie group G is generated by primitive elements 
Xi, yi of degree i as follows. 

3.1. H*(SU(n),R) = A(x 3 , x 5 , ■■■ , x 2n -i). 

3.2. H*{SO(2n + 1), M) = A(x 3 , x 7 , ■■■ , x 4n _i). 

3.3. H*(SO(2n),R) = A(x 3 ,x 7 , ••• , x 4n _ 5 , y 2 n-i)- 

3.4. H*(Sp(n),R)=A(x 3 ,x r ,--- ,a*»-i). 

3.5. ff*(C7 2 ,M) = A(x 3 ,xn). 

3.6. ff*(F 4 ,M) = A(x 3 ,x 11 ,xi5,x 23 ). 

3.7. H*(E 6 ,R) = A(x 3 ,X9,xii,xi5,xi7,x 23 ). 

3.8. H*(E 7 ,R) = A(x 3 ,xn,xi5,xi9,x 23 ,x 2 7,x 35 ). 

3.9. i7*(E 8 ,R) = A(x 3 ,Xi 5 ,X 23 ,X 2 7,X 3 5,X 3 9,X47,X5 9 ). 

5. If g is a complex simple Lie algebra, and go is its real form, then any 
^4(i(go)-invariant form <p l on go extends to an J 4d(g)-invariant invariant form 
on g. 

3. Examples of manifolds provided with a 3-form uj 3 of type u b 

In this section we assume that g is a complex simple Lie algebra of di- 
mension n > 8 or a real form of such a Lie algebra. We introduce the notion 
of a differential 3-form uj 3 of type u g , see Definition 13.11 We show some 
examples of manifolds provided with a differential 3-form u 3 of type u s , and 
we discuss some possible ways to construct such manifolds, see Examples 

([32]) - 

Definition 3.1. A differential 3-form uj 3 on a manifold M n is said of type 
u! g , if at every point x G M n the 3-form uj 3 (x) is equivalent to the Cartan 
form uj s on g, i.e. any linear isomorphism from g to T x M n sends cj 3 (x) to a 
3-form which belongs to the GL(g)-orbit of oj . If g is a complex Lie algebra 
we require that M n possesses a volume form as well as an almost complex 
structure J and the mentioned above linear isomorphism commutes with 
the (almost) complex structures on T x M n and on g. 

A differential 3-form oj 3 in Definition [3J] is also called a (simple, compact) 
Cartan 3-form, if no misunderstanding occurs. 

By Theorem 12.21 2 the existence of a simple Cartan 3-form on M n is 
equivalent to the existence of an j4ui(g)-structure on M n , if g is a real form 
of a complex simple Lie algebra. Below we show examples and a possible 
construction of manifolds M n admitting a 3-form of type w , where n > 8. 
(Note that any 3-manifold is parallelizable, so it admits a 3-form of type 

w s«(2)-) 

Example 3.2. Any parallelizable manifold M n is provided with a simple 
Cartan 3-form, if n = dining. For example any simple Lie group G n is 
parallelizable, the manifold S ni x • • • x S nr , r > 2, ^ nj = n, is parallelizable, 
if at least one of the rii is odd [H] . 
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Example 3.3. Assume that g is a real form of a simple complex Lie algebra. 
A homogeneous space K/H admits a Cartan 3-form of type uj s if and only 
if the isotropy action of H factors through the group Ad(g) C sl(V), where 
V = T e K/H and dimF = dimg. Let G be a Lie group with Lie algebra 
g, and p : H — )• G - an embedding. We define K := H x G, and let 
i : H —■ K = H xG have the form i = (Idxp). Note that the isotropy action 
of H on V factors thorough the group Ad{o), and this action is reducible 
unless dim H = dim G. For given groups H, G the homogeneous spaces 
[H x G)/H may have infinitely many distinct homotopy types depending 
on an embedding p : H — > G, for example, see [T7] for the case G = SU (3) 
and H = U(l). 

Example 3.4. Assume that a manifold M n is equipped with a differential 
3-form uj 3 of type uj s and a Lie group K acts on M with cohomogeneity 1 
preserving the form w 3 . Assume that g is a real form of a simple complex Lie 
algebra. Then the principal .fT-orbit on M n has the form K/H, where the 
Lie algebra f) of H is also a sub-algebra of g such that the induced adjoint 
action of f) on g has a trivial component of dimension 1. Conversely, if H is 
a subgroup of K such that the sum of the isotropy action of H on T e (K/H) 
with the trivial action of H on M is equivalent to the adjoint action of H 
on g via some embedding p : f) — > g, then {K/H) x M admits a differential 
3-form of type w g . In particular, the direct product (G/S 1 ) x S 1 admits a 
3-form of type w fl , if G is a Lie group with Lie algebra g. For a given G these 
spaces may have infinitely many distinct homotopy types, see [17J. Another 
example of a compact cohomogeneity 1 space is manifold (SO(5)/ SU(2)) x 
5 1 admitting a differential 3-form of type w<j U (3) as well as a differential 3- 
form of type w su n 2 ) , since the sum of the isotropy representation of SU(2) on 
T e (SO(5) / SU(2)) with the trivial representation of SU(2) on M is equivalent 
to the adjoint action of SU(2) on su(3) as well as to the one on su(l, 2). 

Example 3.5. a) Assume that M"'*" 1 " 2 is provided with an Ad(so(n))- 
structure. Then any differentiable fibration J^ n i n + 1 )/ 2 OV er a Riemannian 
manifold M n with fiber M n ^ n ~ 1 ^ 2 admits a Cartan 3-form of type 0J so (n+i)) 
since the frame bundle over j^ n ( n + 1 )/ 2 admits a reduction to the subgroup 
Ad(so(n)) C Ad(so(n + l)) C GL(n(n+l)/2). In particular the orthonormal 
frame bundle J-(M n ,g) of a Riemannian manifold (M n ,g) admits a 3-form 
of type w so(n+1) . 

b) In the same way, a S^-bundle over the special unitary frame bundle 
•7-^(2) (M 4 ) of a -fT3-surface M 4 admits a 3-form of type UW3). 

Example 3.6. Let g be a compact simple Lie subalgebra of a compact Lie 
algebra g, and G - a compact Lie group with Lie algebra g. Let dimg = 
k > 8. Denote by Pfc(g C g) the distribution of k-planes V k on g such that 
(wg)|yfc is equivalent to u; g . Let Vk(9 C g) be the distribution on G obtained 
from £>fc(g C g) by translations composed from left and right multiplications 
on G. Let M k be an integral submanifold of T>k(Q C g). Then M k admits 
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a closed 3-form of type u g , which is the restriction of the Cartan 3- form on 
G. It is an interesting question, if T>k(g C g) has an integral submanifold 
not locally isomorphic to the connected Lie subgroup G having Lie algebra 
g in G. Note that Pfc(g C g) contains a subset V(g) which is obtained from 
subspace g C g by translations composed from left and right multiplications 
on G. Liu proved that any integral submanifold of T>{g) is a totally geodesic 
submanifold in G |22j . His result generalized a previous result by Ohnita 
and Tasaki [28 1. 

4. Algebraic types of manifolds provided with a 3-form w 3 of 

TYPE UJ S 

In this section we recall the notion of the intrinsic torsion of a G-structure 
on a manifold M n , and the notion of the algebraic type of a G-structure, 
specializing for the case G = Aut(g) C SO(g), where g is a compact simple 
Lie algebra of dimension at least 8, see Definition 14.21 Definition 14.41 We 
prove some structure theorems on g-submodules of the g-module g ® g 1 - with 
focus on those intrinsic torsions whose affine torsion is skew-symmetric, see 
Remark 14.51 Remark 14. 9\ Proposition 14.61 Theorem 14.81 and Corollary 14.121 
We prove that any complete torsion-free yTui(g)-manifold M n is either a 
quotient of W 1 or irreducible and locally symmetric of type I or IV, see 
Theorem 14.131 

Suppose that M n is a manifold equipped with a differential 3-form u 3 
of type cj b . By Theorem 12.21 M n is equipped with an Aui(g)-structure, 
and hence with a Riemannian metric K Q which is associated with the neg- 
ative of the Killing metric K on g, see Remark 14.31 1 below. Let V be an 
j4iit(g)-connection of the J 4ut(g)-structure on M n , and \7 LV the Levi-Civita 
connection of the Riemannian metric K g . Then n := V — V LC is a tensor 
taking value in T* M n ®so{T M n , K g ), which is called the torsion tensor o/V. 
Using the isomorphism so(g) = A 2 (g) we get the following ^4(i(g)-equivariant 
decomposition 

(4.1) so(g) = g0g ± , 
where 

(4.2) g^ := ker<5 : A 2 (g) -> g, v Aw h [v,w]. 
Remark 4.1. Let we define a linear operator 

(4.3) d s : A x (g) -> A 2 (g), (d g (v),xAy) := (v,[x,y]), 
Clearly, 5 S is the adjoint of d s with respect to the Killing metric (, ). 

Denote by n 3 the component of the torsion tensor rj in g ® g C g <g>so(g). 

Definition 4.2. [33j §1] The intrinsic torsion of an Aiti(g)-structure on M n 
is defined by 

(4.4) ^ := ?j - jj 8 G g g ± . 
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Since any ^4u£(g)-connection on (M n ,uj 3 ) is obtained from V by adding 
a tensor taking value in <g) 0, the intrinsic torsion is denned uniquely on 
(M» Wfl ). 

Remark 4.3. 1. Given a differential 3-form w 3 of type co s on M n , we define 
the associated metric K s by specifying a linear isomorphism I x : T x M n — > g 
sending u 5 to w 3 . Then I*(—K) is the required Riemannian metric K s (x). 
By theorem 12.21 the obtained metric does not depend on the choice of I x . 

2. (cf [33|, Lemma 1.2]) The above definition of algebraic types of Aut(g)- 
structures is a specialization of a definition of algebraic types of G-structures 
on manifolds M n , where G C SO(n). This scheme has been suggested first 
by Gray and Hervella for almost Hermitian manifolds [8]. In fact they 
considered the case of a group G being the stabilizer of a tensor T G V, 
where V is a tensor space over M. n with induced action of G, and they 
looked at the G-type of the tensor VT. Since VT = 0, where as before V is 
a G-connection, we get 

(4.5) V LC T = rjiT) = £(T) = e t ® (p* (£(e;))T £ <S> V, 

i 

where p* : so(n) — > 5o(V) is the differential of the induced embedding 
p : SO(n) — > SO(V), and (e«) is an orthonormal basis in 0, so £(ej) is a 
contraction of £ with ej, which takes value in -1 - C so(g). It follows from 
(|4.5p that if G C SO(n) is the stabilizer group of a tensor T on R n , then the 
algebraic G-type of VT defines the algebraic G-type of the intrinsic torsion 
£ of a G-structure and vice versa. 

3. In the case T is a 3-form of type uj s G A 3 (0) the formula (I4.5P has the 
following simple expression (see the proof of Lemma 14.71 2 below) 

(4.6) P*( r )Hi) = d s r, 
for t G so(fl) = A 2 (0). 

Definition 4.4. Let W be a 0-submodule in ® 0- 1 . A manifold M n pro- 
vided with a 3-form w 3 of type u s is called of algebraic type of W, if its 
intrinsic torsion £ takes value in W. 

Remark 4.5. 1. For a compact simple Lie algebra we have computed 
the decomposition of g 1 - <g> C into irreducible components using table 1 
and table 5 in [27]. We put the result in Table 1. We keep notations in 
|27j with kiTi denoting the irreducible representation of the highest weight 
(0, • • • , ku-\, • • • ,0) with respect to a basis of simple roots of 0, and R(A) 
denotes the irreducible representation with the highest weight A. 

Table 1: Decomposition o/0 _L ®C. We denote by 5(g) the highest weight 
of the adjoint representation of <g> C. We note that so(6) = su(4). 
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5 


dimg 


5(0) 


1 yr-f, 

Q X ®C 


su(n + 1) 


2 i o 

n + 2n 


7Tl + TTi 


i?(27Ti + 7T n _ 


so(2n + 1) 


n(2n + 1) 


7T 2 


i?(7T 3 + 7Ti) 


sp(n) 


n(2n + 1) 


27Ti 


R(2tt 1 + 7T 2 ) 


so(2n), n > 4 


n(2n - I) 


VT2 


i?(7T 3 + 7Tl) 


Eq 


78 


^6 




E-j 


133 


7T6 


i?(vr 5 ) 


Es 


248 


7T1 


^(vr 2 ) 


F 4 


52 


7T 4 


i?(7T 3 ) 


G 2 


14 


7T 2 


#(3tti) 



.i) + i2(7r 2 + 2vr r , 



Thus except 3 = su(n + 1), in all other cases g -1 ® C is irreducible. 
(I thank Dmitri Panyushev, who informed me this observation). In case 
g = su(n + 1), since R(2tt\ + 7r n _i) and R(iT2 + 2ir n ) are complex conjugate, 
the real su(n + l)-module g^ is also irreducible. We refer the reader to |26} 
§8] for a comprehensive exposition of the theory of real representations of 
real semisimple Lie algebras. 

2. To find a decomposition of the tensor product (g ® g -1 ) ® C into 
irreducible components for a given simple Lie algebra g we could use avail- 
able software program packages (GAP or LiE or something else). Note 
that a general formula for a compact simple Lie algebra g in any infinite 
series A n , B n ,C n , D n is not known. Below we will find some important 
g-submodules in the g-module g ® q ± . First we note that the irreducible 
component with the largest dimension of the tensor product R(5(g)) ® R(A) 
has the highest weight <5(g)+A [H Theorem 3.1]. (In [U Theorem 3.1] Dynkin 
gave a simple method to find some less obvious irreducible components of the 
tensor product of two irreducible complex representations.) Let A 1 - denote 
the highest weight of the irreducible representation q 1 - ® C if g 7^ su(n + 1), 
and let A 1 - denote the weight (2tt\ + 7r n _i), if g = su(n + 1). It follows 
that g ® Q~^~ contains an irreducible component R m ax := 

Re(R(5 + A x )) if 

g / 5u{n + 1), and i? max := R(S + A" 1 ) ® R if g = su(n + 1). Here we 
denote by Re(V) a real form of a complex vector space V, and by V ® R - 
its realification. 



Let us consider the following Ad(g)-equivariant linear maps 

(4.7) D+ : g ® q 1 - -> A 4 (g) : «®t4^dA P*(t)(u 8 ), 

(4.8) D_ :0®g ± -»• A 2 (g) : v ® r i-> ^ uJp*(t)(w b ), 

where p*(r) acts on the space A 3 (g) as we have explained in Remark 14.31 

Proposition 4.6. 1. A 3-form u 3 of type uj s is closed, if and only if its 

intrinsic torsion £ satisfies € kerD + (x) for all x € M n . 

2. A 3-form a; 3 of type uj s is co- closed, if and only if its intrinsic torsion £ 

satisfies £(x) G kerD_(:r) for all x G M n . 

5. XTie irreducible component -R max belongs to ker(D_). 
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4- The irreducible component -R max belongs to ker(Z) + ) if and only if Q = 
su(3). 

Proof. Let us explain the meaning of the operators D±. We denote by (ej) 
an orthonormal frame in g and (e l ) its dual frame. Using the following 
well-known identities for a differential form p on a Riemannian manifold 

M n 

(4.9) dp(x)=^e ! AV^», 

i 

(4.10) d*p(x) = Y j e l \Vi c p(x), 

i 

taking into account (|4.5p , we get the first and the second assertions of Propo- 
sition 14.61 

Since g and q 1 - are the only irreducible components of A 2 (g), the image 
Im(D-) C A 2 (g) does not contain any component equivalent to R ma ,x- It 
follows that -R max C ker(L>_). This proves the third assertion of Proposition 

EES 

4. We will show that i? max C ker(D + ) if and only if g = sn(3). First we 
recall that the ^4d(g)-equivariant differential d s : A fc (g) — > A fc+1 (g) is defined 
as follows. For k = 1 we define d as in Remark 14.11 For k > 2 we define d g 
inductively by 

(4.11) d s (a A <j>) := d s (a) A <j> + (-1)^ %(<?)• 

Next we define linear operators II+ 3 : g <g> A 3 (g) — > A 4 (g) and n^ 3 : g ® 
A 3 (g)^A 2 (g)by 

n+ 3 (v (g)0) := v A9, U^ 3 (v <g> 9) := v\6. 
Lemma 4.7. L TTie operator d s can be expressed by 

(4.12) d (</O = J> 2 ,H)A( ej J</>), 

i 

where (ej) is an orthonormal basis in g. 
2. lei reg 1 . Tfren 

(4.13) D + {v ® r) = n+ 3 (v d fl (r)), D_(?j ® r) = IlT^u ® d (r)). 

Proof. 1. We check easily that the validity of (|4.12p for G A x (g). Denote 
the RHS of (|4.12p by 0+ (</>). We observe that a + is a differential, i.e. <r+(a A 
0) = cr+(a) Af3+ {-l) de 9 a a A a+(/3). Hence d = a + . This proves the first 
assertion of Lemma 14.71 

2. Note that D + is the restriction of the linear operator also denoted by 
D + : g £8 A 2 (g) defined by the same formula in (I4.7p . Thus it suffices to 
check the validity of (14.13D for basis elements <8> (ej A e&) E g <S> A 2 (g). 
Using (14.7P we get 

D+ia ® (ej A e k )) = ej A [e,- A (e fc Jw ) - e fc A (ejjw )]. 
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Using (|4.12|) we get 

n^ 3 (ei <g> d g (ej A e k )) = e% A [(e fc Ju; ) A e 3 - - e k A (ej-Jw fl )]. 
Comparing the above formulas we get 

D+(v®t) = n+ 3 (v(g)r). 

In the same way we get D—{v <8> t) = nj~ 3 (u <8> r). This completes the proof 
of the second assertion of Lemma 14,71 □ 

Let us continue the proof of Proposition 14.61 Note that the component 
-Rmax^C has the highest vector vg ® (vg Avg- ai ), where a± is a simple root 
of g <S> C such that (<5, ai) ^ 0, and «j £ § ® C (resp. to vg- ai 6 B®C) 
is the root vector corresponding to 5 (resp. 5 — ai), see e.g. [4J Theorem 
3.1]. To prove the last assertion of Proposition 14.61 it suffices to show that 
D + (es <S> (eg A eg- ai )) = if and only if g = su(3), where D + , n^ 3 and d 3 
extend C- linearly on (g <8> g -1 ) ® C and A fc (g <8> C). A direct computation 
using (j4.13j) shows that 

D + (e s <g> (e 5 A e S - ai )) = e a A c^e a Ae^Ae ff _ ai , 

a+/3=cr 

where d g e CT = ^a+/3=o- c « /3 e « A ep. Using the table of simple roots of simple 
Lie algebras and the above formula, we conclude that D + (eg®{eg Ae$_ ai )) = 
0, if and only if g = su(3). This completes the proof of Proposition 14.61 □ 

We introduce new notations by looking at the following orthogonal de- 
compositions 

W har := ker(D+) n ker(D_) Cggg 1 . 
ker(D + ) :=W har ®Wt ar {D + ). 
ker(D_) :=W har ®Wit ar (D^. 

Denote by 5 S the adjoint of d s with respect to the minus Killing metric on 
g. Note that we have the following orthogonal decomposition 

(4.14) A 3 (g) = (w„) R ©Ai( fl )eAf(fl), 

where A|(g) := 5 g (A 4 (g)) and A^g) = d a {Q X ). 

Theorem 4.8. 1. We have the following decomposition 

gtgig- 1 = W har ®iVi, 

where Vi is one of irreducible modules entered in A 2 (g) © A 4 (g). 

2. Wjk (D+) contains a Q-module which is isomorphic to g^ C A 2 (g). 

3. W^ ar (D_) contains a Q-module which is isomorphic to A|(g). 
4- The image of D + contains the module u s A A 1 (g). 

5. D- is surjective. 
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Proof. 1. We have a decomposition g <S> q 1 - = ker(L> + ) © kei(D + ) ± . Let 
us consider the decomposition ker(D + ) = Whar © Wfr ar (D + ). Since the 
restriction of D_ to W^ ar (D + ) is injective, W^ ar (D + ) is isomorphic to a g- 
module in A 2 (g). Since (kerD_|_) _L is isomorphic to a g-submodule in A 4 (g), 
we get the first assertion of Theorem 14.81 immediately. 
2. We define an j4d(g)-equivariant linear map 

(4.15) G : A 3 (g) ^g^g^, T H> ^ e« ® II g ± (e*J T) , 

i 

where II ± is the orthogonal projection onto the subspace g -1 C A 2 (g) and 
(ej) is an orthonormal basis in g. 

Remark 4.9. A result by Priedrich in [5[ Theorem 3.1] implies that the 
image @(A 3 (g)) consists of all intrinsic torsions £ A of Aut(g)-connections A 
whose affine torsion T A := V^-y — VyAT — [X, Y] is skew-symmetric, i.e. 
(T A (X,Y),Z) = -(T A (X,Z),Y). 

Lemma 4.10. For any 9 € A 3 (g) we have 

1. (D + ) o 0(8) = -3d g 9. 

2. (D„)oe(6) = -6 B (8). 

Proof. 1. Let 9 € A 3 (g). Using KTM we get 

(4.16) D + o 0(0) = ^2(ei A d g (ei\9)), 

i 

where (e^) is an orthonormal basis in g. Applying the Cartan formula 
d 5 (ei\4>) = — ei\d s cj) + ad ei cj) to the RHS of (|4. 16[) we get 

(4.17) D + oQ(9) = ^2e l A[(-e l \d s 9) + ad et (9)} = -4d g 0+^ e; Aad ei (0)- 

i i 

Set d g := J2i e i A ad ei . Note that the operator d g : A fc (g) — > A fc+1 (g) is a 
differential, i.e. d g (a A /3) = d g (a) A (3 + (— l) de9a a A d g (3. Furthermore we 
check easily for a £ A 1 (g) that d g (a) = d g (a). It follows that d g = d g . Using 
this we get the first assertion of Lemma 14.101 immediately from (|4.17p . 

2. Let 9 € A 3 (g). Using ([4.130 and the Cartan formula ad e fi = d g (ei\9) + 
ei\d g 9, we get 

(4.18) D_ o 8(0) = J2( e M e i\ )) = ^(ed^e^)- 

i i 

On the other hand we have 

(4.19) S g ( Vl A • • • Av k ) = ^2(-l) i+j+l [ Vi , v j ]Av 1 A--- r --y/\ v k . 

i<j 

Now compare ([4.180 with ([4.190 we get the second assertion of Lemma 
14.101 immediately. □ 

Lemma 4.11. ker© = 
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Proof. Clearly <f> G ker if and only if vi\ <p = d g Wi for all V{ and some W{ G g 
depending on V{. In particular u g G kerG. 
Now let <p G ker 0. We write 

<P = 4>harm + 4>d + <t>S 

corresponding to the decomposition (|4.14p . To complete the proof of Lemma 
14. 11 1 it suffices to show that cftd = = (f>$. Using Lemma f4. 101 we get 

(D+) o 9(0) = Sd^s, 
(L>_) o 6(0) = -Vd- 



Hence we get 



d s 4>6 = = S g c 



Since (ker d )| A 3( ) = and (ker 5 b )|a 3 ( ) = 0, we conclude that <fid = = 4>5- 
This completes the proof of Lemma 14.111 □ 

Let us continue the proof of Theorem 14.81 2. It follows from Lemma 14.101 
(4.20) D + (G(d 8 (Q ± ))) = 0, 



(4.21) L>_(9(d (r)) = -5 s d s (r) for r G Q ± . 

It follows that Q(d g (Q ± )) C W^ ar (D + ). Taking into account Lemma UTTTI 
this proves the second assertion of Theorem 14.81 immediately. 

3. By Lemma 14.111 ker Q|Ag(g) = 0- Lemma 14.101 implies that ker(Z)_) 
contains a g-submodule 6(A|(g)), and moreover the kernel of the restriction 
of D + to 6(A^(g)) is zero. This proves the third assertion of Theorem 14.81 

4. The fourth assertion of Theorem 14.81 follows by comparing (14. 7p with 
the following formula 

d A p*(e; A X){6) = 3X A 9, 

where (ej) is an orthonormal basis in g, X G and 9 G A 3 (g), in particular 
this formula holds for 9 = u g . 

5. Using (14.21 H we conclude that the image of D_ contains g^. A direct 
computation yields the following identity for any Xgg 

^ei\p*(ei /\X)(u g ) = -2X\uj g = -2d g X, 

i 

where (e^) is an orthonormal basis in g. It follows that the image of Z)_ 
contains the irreducible component d g g C A 2 (g). Since A 2 (g) = d g (g) © g^, 
this completes the proof of Theorem 14.81 □ 



From Remark 14. 9j, Lemma 14.111 and Lemma 14.101 we get immediately 
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Corollary 4.12. The space of Aut(o) -connections with skew- symmetric affine 
torsion on a manifold M n provided with a 3-form w 3 of type cu s is a direct 
sum of two Q-modules, one of them consists of those connections for which 
dio 3 = and the other one consists of those connections for which d*ui 3 = 0. 

It follows that a manifold M n admitting a harmonic form of type 
u g and having an ^4w£(g)-connection with skew-symmetric torsion is in fact 
torsion-free. 

Theorem 4.13. Let M n be a complete torsion-free Aut{o) -manifold. Then 
M n is either flat, or M n is irreducible and locally symmetric of type I or 
IV. 

Proof. Let f) be a Lie subalgebra in q. We write = f) © V, where V is 
orthogonal complement to f). Since g is simple, the adjoint representation 
ad s (t)) restricted to V is nontrivial. Taking into account the de Rham de- 
composition theorem, we conclude that M n cannot have a holonomy group 
H strictly smaller than Ad{o) unless H = Id. Hence M n must be either 
irreducible and locally symmetric, or flat. Taking into account Theorem 18. II 
we conclude that, if M n is locally symmetric, then it is of type I or IV. This 
completes the proof of Theorem 14.131 □ 

Remark 4.14. 1. A complete description of algebraic types of PSU(3)- 
structures is given in Witt's Ph.D. Thesis [35]. In [29] Puhle studies the 
algebraic types of PSU (3)-structures in greater detail. 
2. We could extend many results in this section to the case of simple non- 
compact Lie group, using the theory of real representation of semisimple Lie 
algebras [26]. 

5. COHOMOLOGY THEORIES FOR Aut + (0)-MANIFOLDS EQUIPPED WITH A 
QUASI-CLOSED FORM OF TYPE 0q 

In this section we also assume that is a compact simple Lie algebra of 
dimension n > 8. Let Aut + (o) := Aut(g) n GL + (q) and <fi l an Aut + (g)- 
invariant /-form on 0. We study necessary and sufficient conditions for an 
orientable Aut(0)-manifold to admit a multi-symplectic form cp l of type 4>q 
satisfying d(f> 1 = 9 f\(fi l , see Theorem 15.11 and Lemma 15.31 Such a differential 
form 4> l will be called a quasi-closed form. Furthermore, we construct coho- 
mology groups for two differential complexes (f2* ; (M n ),d±) on an Aut + (g)- 

manifold M n provided with a quasi-closed form (j) 1 of type see Proposition 
15.81 We consider a spectral sequence relating these cohomologies with the 
deRham cohomologies of M n , see Theorem 15.91 We compute these groups 
in the case of 8-manifolds admitting a harmonic 3-form of type u} su ^ in Ex- 
ample 15.111 We introduce the notion of ^_-harmonic forms, see Definition 
15.131 and show some relations between -harmonic forms and the group 
H*, (M n ), see Proposition 15.141 and Lemma 15.171 
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Theorem 5.1. 1. Any Ad(g) -invariant form (j) on g is multi-symplectic, 
if g is a simple Lie algebra over C or over M. 

2. Let g be a classical compact simple Lie algebra. Then the algebra 
h-Aut+iti) of Aut + {q) -invariant forms on g coincides with the algebra A g (g) 
of Ad(o) -invariant forms on g except the case g = su(n + 1) where 4 divides 
n(n + 3). 

3. Let g = su(n + 1) such that 4 divides n(n + 3). Then A^ ut +(g) = 
A(x4fc_i, X4i_|_iX4 m _|_i) where x^ p ±\ are primitive generators o/A (g). 

Proof. Recall that a form 4> l G A'(g*) = A'(g) is multi-symplectic if and 
only the map 

L <#, : B-»' A '~ 1 (fl) : 00 
is injective. Since 4> l is ^4d(g)-invariant, the kernel of L^i can be either or 
g. Since ^ / there exists v G g such that uJ^q 7^ Hence kerL^ = 0, 
this proves the first assertion of Theorem 15.11 

Let g = su(n + 1). It is known that Aut(Q) is generated by Ad(g) and 
the complex conjugation a on su{n + 1). We can check easily that a is 
orientation preserving if and only if 4 divides n(n + 3), see also Remark 15,21 
below. Clearly a acts on the primitive elements X2i+i by multiplying X2i+i 
with ±1. To find exactly the sign of this multiplication we note that 

(o-(<t> l ),v) = (4,o-(v)) 

for any ^-vector v G A l (su(n + 1)). Take the unit (2i + l)-vector associated 
with the orthogonal complement to su(i) in su(i + 1) C su(n + 1) as v, we 
conclude that 

o-(x 2 i+i) = -X2i+%, if i = 21, 
o-(x 2 i+i) = x 2 i + i if i = 21 - 1. 
This proves the third assertion and the part of the second assertion of The- 
orem [54] concerning g = $u(n + 1). 

Let g = so(2n). It is known that Aut(o) is generated by Ad(g) and the 
element a = Ad(diag(l, • • • ,1,-1)) € Ad(0(2n)). Clearly a reserves the 
orientation. Hence Aut + {o) = Ad(g), if g = so(2n) and n / 4. Combining 
with Remark 12.41 2 we obtain easily the second assertion of Theorem 15.11 for 
the case g ^ so(8). 

Note that the group Aut(so(8)) is generated by Ad(so(8)) and S3, see 
Remark 12.41 2. Since S3 is generated by <Tj, i = 1,3, which is conjugate 
by an element in Aut(so(8)) to the element a = Ad(diag(l, ■ ■ ■ ,1, —1)) G 
Ad(0(8)), it follows that Aut + (so(8)) acts on A BO ( 8 )(so(8)) as identity. This 
completes the proof of Theorem 15.11 □ 

Remark 5.2. It has been observed by Todor Milev that an outer auto- 
morphism a of a simple compact Lie algebra g is orientation preserving, if 
and only if the action of a on the Dynkin diagram D(q) is a composition 
of even number of permutations. To prove this statement for classical com- 
pact Lie algebras he used an argument similar to our argument above. For 
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the case E§ he proved this assertion with a help of a computer program 
written by himself. In particular Aut + (Eo) = Aut{E§). We conjecture that 
^Aut+(Ee) = A(x 3 ,x n ,x 15 ,xgx 17 ,x 2 3)- 

Now assume that (j) l £ ^-Aut+id)- Recall that M n admits a differential 
form 4> l of type 4> l , which by Theorem 15.11 is multi-symplectic. Let £ be 
the intrinsic torsion of the ^4ut + (g)-structure on M n . As in the previous 
sections we denote by a; 3 the Cartan 3-form on M n . 

Lemma 5.3. 1. The values of dip 1 and d*(p l depend linearly on the intrinsic 
torsion £ of M n . 

(5.1) d<j>\x) = £ * A pMeiW(x)), 

i 

(5.2) d*<t> l (x) = J2ei\pMei))(<t>\x)), 

i 

where (e^) is an orthonormal basis in T x M n , see also fl^. 7| j, (f^.£| ). 

2. If dcj) 1 = (j) 1 A then is defined uniquely by the following formula 

(5.3) = c(4 )*(<t> A *#), 
for some nonzero constant c((f> l ). 

3. If oj 3 is quasi-closed, i.e. du 3 = oj 3 A 0, then co 3 is locally conformally 
closed: d8 = 0. 

Proof. The first assertion of Lemma 15.31 is a direct consequence of (|4.5p . 
(|4.9p and (|4.10p . In particular, the existence of a closed form or a quasi 
closed form of type 4> l on M n is defined entirely by the algebraic type of the 
intrinsic torsion £ of M n . 

Next we observe that the linear map L^i : g — > A' +1 (g), 9 i— >■ (f) 1 A 9 is an 
A<i(g)-equivariant map between two A(i(g)-irreducible modules, moreover 
L^i extends linearly to the complexified irreducible modules of g, since g c 
is simple. Applying the Schur Lemma we obtain the second assertion of 
Lemma 15.31 

Note that d 2 u 3 = = uj 3 A AO - u 3 AdO = -uj 3 AdO. By Corollary ESI 2 
proved below dO = 0. This completes the proof of Lemma 15.31 □ 

In what follows we single out several interesting g-modules associated 
with an Ad(g)-invariant form (f> l in the exterior algebra A(g). If (f> l is also 
Aui + (g)- invariant, then these modules generate associate Aui + (g)-invariant 
sub-bundles in M n . 

Let (j) 1 be an A<i(g)-invariant /-form on g of degree 3 < I < n — 3 (for 
simplicity we drop a lower index at 4>q when we are dealing exclusively 
with Z-forms on g). For each < k < n we define the following linear 
operator 

L, :A k (g)^A k+l ( g ), 7 ^ A 7- 
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Now we look at a decomposition of A k (g) under the action of L^i for 
< k < n. Set 

(5.4) :={/3GA fc (g)|L^(/3) = 0}, 

(5.5) Aj L := { 7 G A fc (g)| < 7 ,/3) = OV/3 G A* }, 

here (,) denotes the induced inner product on A fe (g). Denote by * -the 
Hodge operator on g associated to the Killing metric and some preferred 
orientation on g. 

Proposition 5.4. Assume that < k < n. Then 

(5-6) = *L^(A"-'- fc (g)) = {K^). 

The space A^ ; is not zero if and only if (n — I) > k. The operator *L^i 
induces an isomorphism between A^ ; and A^~ l ~ k . In particular we have 

(5.7) Aj ; _ - = M. 

(5-8) A^-A^-A^fl). 

(5.9) A*, = for n - I + 1 < k < n. 

Furthermore we have the following identities 

(5.10) (-l) ,+1 Z,^d fl + d s L ¥ = = (-1)'+% ; J + 5,L^. 
Hence operators L^i preserves the subspaces A/ iarm (g), Arf(g), A,5(g). 
Proof. First we show that *L <t> i (A n ~ /_A: (g)) C A^ __. Let ^ G A*, . Then 

(P, *(<j) 1 A 7)) = {vol, p A <f> 1 A 7} = 

since p A(p l = 0. Hence *((// A 7) G A^_ . 

Now we show that A^ ; C *L ( pi (A n_ ' _fc (g)). It suffices to show that the or- 
thogonal complement of *L (t) i (A n-/_fc (g)) in A fc (g) is a subset of A^ ; . Clearly 

/3 G (*L^(A n - z - fe (fl))) ± <^=> A 7)) = for all 7 G A"-'- fc (g) 

Then 

P A ^ A 7 = for all 7 G A n - i_A! (g). 

Hence 

/3 A (f) 1 = 0, 

which by definition (|5.4p implies that /3 G A*s . This proves the first assertion 
(|5.6p of Proposition 15.41 
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The second assertion follows from the definition (|5.5f) of , taking into 

account the existence of a nonzero element 7 £ A n ~ l ~ k (g) such that $ A 7 7^ 
0, if n - Z - fe > 0. 

The third assertion follows from (|5.6p . (|5.4p . (|5.5p . Clearly the next as- 
sertions (|5.7p and (|5.9p are direct consequences of the second and the third 
assertion. It remains to prove (|5.8p . Note that A\ is nonempty by the 

second assertion. Since A 1 (g) is an irreducible g-module, we get (15. 8p from 
the third assertion of Proposition 15.41 

Next, using d s (fr = we get the first identity in (I5.10p . To prove the 
second identity in (I5.10P we use the following 

Lemma 5.5. |16| The Schouten-Nijenhuis bracket {, } g on A(g) can be ex- 
pressed in terms of 5 S as follows 

S^At A B m ) = S a (Ai) A B rn + (-1)^ A 5 s (B rn ) + B m } g . 

Substituting A\ = (f> in the above formula, and taking into account 
{4> l ,B m } g = for all B m G A(g), since <jr is ^4d(g)-invariant, we get 

(5.11) W A5 m ) = (-l)V A5 s (B m ), 

which is equivalent to the second identity in (I5.10P . This completes the proof 
of Proposition 15.41 □ 

Corollary 5.6. The following relations hold for any compact simple Lie 
algebra g. 



(5.12) tfua)- ~ A K)- ~ A ^ ^ GS ®- module - 

(5.13) A^ fl) _ * A° Wb) _ R as g-module. 

(5-14) Af u>) _ D d s (g L ). 

(5.15) A k M+ D(A k - 3 ( d )Au s ). 



Proof. Let us prove (15TT21) . By Remark S3] A 2 (g) is a sum of two irreducible 
g-sub-modules d g (A 1 (g)) and g^. Thus it suffices to show that the action of 
L w restricted to each sub- module d g (A 1 (g)) and g 1 - is not zero. 

First we will show that the image L 0Jg (d s (A 1 (g))) 7^ 0. Equivalently it 
suffices to show that d s (L Ldg A 1 (g)) 7^ 0. By (|5.10p we have S g L ulg A 1 (g) = 0. 
Since 64(g) = it follows that L UJg A l (g)) <f_ kerci g . Hence L UJg (d s (A 1 (g))) / 
0. 

Next we will show that L ujB (g- L ) 7^ 0. Let A be the root system of g c . We 
recall the following root decomposition of the complexification g c , where g 
is a compact real form of g c , see e.g. [101 Theorem 4.2] and |10| Theorem 
6.3]. Let f)o € g be a Cartan subalgebra of g, so /iq is a Cartan subalgebra 
of g c . Let A + be a positive root system of g c and £ C A + be a system of 
simple roots. Denote by E± a , a € A + , the corresponding root vectors such 
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that [E a ,E- a ] = 4^ G fjj^, see e.g. [TDl p. 258]. We decompose g as 

(5.16) Q C = ®a£T:(H a )M ©oeA+ (-Eq)r ©aeA+ (-^-q)r- 
Then 

(5.17) g = © aG s(^a)R ©qga+ (e a )K ©qgA+ 

Now we set h a := zi? Q , e a := i(E a + £?_ a ) and f a := (i£ Q — E- a ). 

Note that L w (S g (h a A hp A e a )) contains a nonzero summand of form 
e a A ep A e a+l3 A (-c a h/3 + Cph a ) A f a , where c Q c^ / 0. Since (5 g (A 3 (g)) = g- 1 
is irreducible, it follows that g -1 C A 2 w ^ . This completes the proof of 

Clearly (|5.13|) is a direct consequence of Proposition 15.41 
Now let us prove (|5.14|) . Note that 

(5.18) Wica;, j)+ . 

Next we show that 

(5.19) L^d^) + 0. 
By (T57TO]) we have 

5,L Ug ( Q ± ) = -L Us) 5 3 ( 9 ± ) = 0. 

It follows that L u (g ) C ker<5 . Since g -1 is an irreducible module, L u (g ± ) 
does not contain any Ad(g)-invariant form. Hence L^(g- L ) C A|(g), in 
particular d g (L ujB (g ± )) ^ 0. This implies (j5. 19|) . 

The last formula ()5. 15j) is a consequence of the identity L 2 = 0. This 
completes the proof of Corollary 15.61 

□ 



Example 5.7. As a consequence of Proposition 15.41 and Corollary 15.61 we 
write here the complexes A( w \ ± and A^ ) ± for g = su(3). 



a 


A 


K 


A 2 


A 3 


A 4 


A 5 


A 6 


Al 


A 8 




M 







H) 

















*Wg + 








Q 1 




A 4 (0) 


A 3 (0) 


A 2 (g) 





R 


Wg- 


R 





A 2 (0) 


dg(0^)©5g(A^ B) J 


*(A X (0) A^ ) 


(*w B ) 











Wg + 











(w fl ) R © R 27 


R 8 + 2R 27 


(*w B ) ± 


A 2 (g) 





R 



In this example except the modules j ± all other modules A^ can be de- 
fined easily using Proposition 15.41 and Corollary 15.61 Since A 4 (g) is invariant 
under the Hodge star operator * we get the following decomposition 

(5.20) A 4 (g) = (A*(g) A u a ) © <5 fl (A| 7 ) + *(A x (g) A w„) © d g (A 3 7 ), 

where A| 7 is an irreducible g-submodule of A 3 (g) = (w s )m © ^(g -1 ) © A 3 (g), 
(so A| 7 = A|(g)) and k\ 7 = *A 3 !7 . Using (|5.1ip we get A*(g) Aw 8 C ker<5 , 
and hence *(A x (g) A uj s ) C kerd g . 
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Now let us show that 
(5-21) ^(A^ B) JCA^ } _. 

Using (I5,ll|) it suffices to show that S g (L UJg (A/ u j )) 7^ 0. But that is obvious, 
since ker(5 fl )| A 7( g ) = 0. This yields (|5.2ip . 

In the same way we get L W (<5 B (A* W ^ fl ker d g )) = 0, which yields 

(5-22) «,(A( W , )+ n ker d 3 ) = k\ 7 C A^ )+ . 

Now the modules » can be completely defined from Proposition 15.44 
Corollary ESI and flOTj) . (IQ2|) . 

Now we assume that ^ is an ^4ut + (g)-invariant Z-form. Using (15.4h and 
(|5.5p we define the corresponding decomposition of 

n k {M) = nj, (Mjen*. (m). 

This leads to the following exact sequence of sheaves 

(5.23) -> fij, (M) 4 ft fc (M) A (M) -> 0. 

Denote by d- the composition of the differential operator d with the pro- 
jection n_ to n_ to n^i (m). 

Theorem 5.8. Assume that cp l is quasi-closed. Then 

1. (O*, (M),d) is a differential sub-complex o/(0*(M),d). 

2. (f2*, (M),ci_) is a differential complex. 

<P + 

Proof. 1. First we assume that <p l is quasi-closed. Let us show that (f2* ; (M),<i) 
is a differential complex. Assume that /3 € (M). 

(5.24) df3 A (f) 1 = d{p A <//) + (-1)*^ A = (-1)^/3 A A (j) 1 = 0, 
which implies that 

(5.25) dp G 0*, (M). 



This proves the first assertion of Theorem 15.81 

2. Next let us show that d0_ = 0. Assume that a G f2^, (M). Since 

da = d_a + /3, where G Q^M), we get dd-a + d/3 = 0. By (I5T25]) 

<p+ 

df3 G 0^ 2 (M), hence dd^a G f^+ 2 (M), which implies that d 2 _ a = 0. This 
completes the proof of Theorem 15.81 □ 

Denote by H 1 (M) the de Rham cohomology group H 1 (M, M) , and by 
(M n ) the cohomology groups of sheaves (n^(M),d±), where d+ is the 

restriction of d to fi^(M). 
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Proposition 5.9. There exists a long exact sequence of cohomology groups 



-> H x (M n ) 4 H), (M n ) 4 Hi (M n ) 4 H 2 (M n ) 4 • • • # n (M n ) -> 0. 



Proof. Let us define the following diagram of chain complexes 



O* (M) -fU ^+ 2 (M) d + 



n*(M) — ^ n*+ 1 (M) — ^— n k+2 (M) - 



n% (M) Q^M) ^^ 2 (Mf 



To prove Proposition 15.91 taking into account (|5.23|) . it suffices to show that 
the above diagram is commutative. Equivalently we need to show 



(5.26) 



d o i = i o d+, d- o p = p o d. 



The first identity in (|5.26p is a consequence of (|5.25p (the (i-closedness of 
Cl^i (M)). The second identity follows from the definition of cL.. This com- 
pletes the proof of Proposition 15.91 □ 



Remark 5.10. The map p* : H k {M) — )■ H k , (M) associates each coho- 
mology class of a closed fe-form (f> k on M to the cohomology class [p(0 fc )] € 
H k i (M), see (fOB"]) . The connecting homomorphism t* : H k t (M) -» 

is defined as follows: [4>] h-> [dip). The map i* : H k t (M) -> H k (M) asso- 

<?+ 

dates each cohomology class in i?^ (M) of a closed A;-form ^ € (M) to 
the cohomology class [4> k ] E H k (M). 



Example 5.11. Let us consider the new homology groups arisen in this 
way on a connected orientable manifold M 8 provided with a 3-form w 3 of 
type w su (3) assuming that duo 3 = = d*u 3 . 
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a 

Hi 

Hi 

Hi 

Hi 

Hi 

Hi 
Hi 
Hi 

m 



H ( M ) © {ker dnn^M)} 



n dB (dni(M)) 








{ker d n Vt 2 

H 3 (M) 



(*o) e )_ J 

dn 2 , 



H\M) 

H 5 (M) 
H 6 (M) 
H 7 (M) 



H\M) 

H 2 (M) © {0M^auj b =o} 



{0|#=Q} 



(«b)- 

; ) 









{kerdnO? ^ } 



( w o) + 
H 5 {M) 



(M) 



H 6 (M) 
H 7 (M) 



( w s)- 



In this table we denote by ILj the orthogonal projection of 0*(M) on the 
image of the operator d s acting on 0*(M). The cohomology groups H^ u ^ , 
Hf ^ are best described by using the relations in Example 15,71 

Remark 5.12. Note that many cohomology groups are infinite-dimensional. 
Proposition 15.91 implies that the subgroup p*(H l (M)) C H\ (M n ) as well 
as the coset H 1 ^ 1 / 1* (H 1 ^ (M)) are finite-dimensional. 

Now we are going to define a subgroup of H^ t {M n ). 

Definition 5.13. A differential form a in £l*, ± (M) is called 4>±-harmonic, 
if d±a = = d*a. 

Denote by U k {M n ) the space of all harmonic k- forms on M n . Let H 1 ^ {M) 
be the space of all ^-harmonic forms in $7^ (M n ). 

Proposition 5.14. There is a natural monomorphism hf : H}^ (M) — > 

H 1 ^ (M) associating each (j)±-harmonic form a to its cohomology class [a] £ 
H £(M). 

Proof. Assume that a £ ker hf, i.e. a is a (/^-harmonic form, and a = d±-y, 
for some 7 G 0*7 (M n ). By the definition of d-t we have 



(a,d±'y) = (a,d^) = (d*a, 7) =0 
which implies that a = 0. This proves Proposition 15.141 

By Proposition 15.41 *L^i induces a bundle isomorphism (M r 



□ 
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Proposition 5.15. Assume that def> 1 = 0. The operator *L ( j ) i induces an 
isomorphism also denoted by : U),_(M n ) ->■ 7^~ i_1 (M n ). 

Proof. First we show that if a € U\_{M n ), then *L^{a) G ^^(M"). 
We compute 

(5.27) d*(*L 0i (a)) = d(a A <p l ) = (cLa + d + a) A cj) 1 = 0, 

since d-a = 0, and (c£+a) Ac/) 1 = 0. 

Next we prove that cL (a)) = 0, or equivalently d{*L,a (a)) G tiP^T (-^ T 
Note that we have the following orthogonal Hodge decomposition 

(5.28) n n -\M n ) = u n -\M n ) e d(n n - l -\M n )) e d*(n n - l+1 (M n )). 

Since = 0, we have f 1 ' 1 G H n - l {M) cf (Q n -' +1 (M n )). Hence we 
get from 15.281 

(5.29) {c/) n -\d{*L^ (a))) = d{*L^ (a)) A cj) 1 = 0. 

Hence d[*L^[a)) G Q^ l (M n ). Hence *L#{a) G H^ -1 (M n ). 

By Proposition 15.41 the restriction of *L^i to (M n ) is also injective. 

This proves that *L^i : (M n ) — > % n ^ l ~ l {M n ) is a monomorphism. 

Let us show that this map is also surjective. We will first prove the following 

Lemma 5.16. There exists a nonzero constant c depending on c/> l such that 
for all (3 G VL n J l ~ l (M n ) we have 

(5.30) * {/3 A 4) A cf) l Q = c ■ 

Proof. Lemma 15.161 follows from the fact that the map 

A : A^ 1 -> A^-^fl), P ^ *(*(/? A 4) A 4) 

is an ^4d(g)-equivariant map: Ad(g)X = XAd(g) for all g G Ad(g). By 
Proposition 15.41 the image *L^(A r ^~ l l ~ 1 ) = A 1 (g), and apply Proposition 

15.41 again, we conclude that the image of A is A"7'~ x . Thus A is an Ad(g)- 

equivariant endomorphism of A?^. -1 . The same argument as in the proof of 

Lemma l5.3l using Schur's Lemma implies that A is a multiple of the identity 
map. This proves Lemma 15.161 □ 

Let us continue the proof of Proposition 15.151 Suppose that j3 G 'H 7 ^ l ~ 1 - 
Set 

(5.31) a := *(/3 A cf> 1 ) G Vl 1 (M n ). 

Using d * (3 = 0, defy = and taking into account Lemma 15.161 we get 

daAcf> l = d(a A cf> 1 ) = d(*((3 A cfi) A <f>) = c ■ d * = 0, 
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which implies that da G (M n ). Hence 

(5.32) d_a = 0. 
Next we note that 

(5.33) d * a = d(P A 4> l ) = df3A<p = 
since d-j3 = 0. 

By (I5.32p and (I5.33|) a is ^-harmonic. This completes the proof of 
Proposition 15.151 □ 

Lemma 5.17. Let M n be a connected compact Aut(g) -manifold provided 
with a l-form <f> 1 of type <fi l . Then 

1. There is a monomorphism i : H (M n ) — > Ti^i (M n ). This monomor- 

phism is an isomorphism if 4>q — Wg. 

2. If 5(f) 1 = 0, then U n 7 l {M n ) = 1. 

Proof. Let a be a harmonic l-form on M n . Then a is also a -harmonic 
form. Thus i : H^(M n ) — )■ Tih (M n ) is a monomorphism. If <p l = u s then 

i is an isomorphism, since H 1 (M n ) = Hi . as a direct consequence of 
Corollary 15.61 taking into account Proposition 15.141 This proves the first 
assertion of Lemma 15.171 

By Proposition 15.41 we can write VL n -\M n ) = (*(/)%, hence 

(5.34) U n ^\M n ) = G AJ-'|d(/ * <t> 1 ) = 0}- 

Since <p l is harmonic, (|5.34p holds if and only if / is constant. This 
completes the proof of Lemma 15.171 □ 

Remark 5.18. The construction of our differential complexes is similar to 
the construction of differential complexes on a 7-manifold with an "inte- 
grable" G2-structure by Fernandez and Ugarte in [7]. Their consideration is 
based on Reyes work [30] , where Reyes also considered differential complexes 
associated to certain G-structures, using some ideas in [32]. Many special 
properties of our complexes are related to the cohomological structure of a 
simple compact Lie algebra g. A subcomplex ^ + will be shown to play 
a roll in the geometry of strongly associative submanifolds of dimension 3, 
see Proposition 16.61 

6. Special submanifolds in ylut(g)-MANiFOLDS 

In this section we also assume that g is a compact simple Lie algebra and 
M n is a smooth manifold provided with a 3- form of type u g , where g is a 
compact simple Lie algebra. The Lie bracket on g extends smoothly to a 
cross-product TM x TM — > TM, which we denote by [, ] . We study a nat- 
ural class of submanifolds in ylu£(g)-manifolds, which generalize the notion 
of Lie subgroups in a Lie group G, and show their algebraic and geometric 
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rigidity, see Proposition 16. 2\ Proposition 16.41 Proposition 16. 6( Proposition 
I6T81 Remark ES 

Definition 6.1. Let M n be a manifold provided with a 3- form uj 3 of type 
uj s . A submanifold N k C M n is called associative, if the tangent space 
TN k is closed under the bracket [, ] . A submanifold N k C M n is called 
coassociative, if its normal bundle T- L N k is closed under the Lie bracket 
[, ] g . An associative (resp. coassociative) submanifold N k C M n is called 
strongly associative (resp. strongly coassociative), if the restriction of uj 3 to 
TN k (resp. to T~ L N k ) is multi-symplectic. 

The following Proposition shows the algebraic rigidity of strongly asso- 
ciative and strongly coassociative submanifolds. It is a direct consequence 
of Lemma 12.11 so we omit its proof. 

Proposition 6.2. Assume that N k is a strongly associative submanifold in 
M n . Then all the tangent spaces (T x N k , [, ] fl ) are isomorphic to a compact 
semisimple Lie subalgebra fj C 0. Assume that N k is a strongly coassociative 
submanifold in M n . Then all the normal spaces (T^~N k , [, ] s ) are isomorphic 
to a compact semisimple Lie subalgebra h C 0. 

We call the semisimple Lie algebra fj described in Proposition 16.21 the Lie 
type of a strongly associative (resp. strongly coassociative) submanifold N k . 
The following Lemma is well-known, so we will omit its proof. 

Lemma 6.3. Assume that N k is an associative submanifold in a manifold 
M n provided with a closed 3- form lo 3 . Then the distribution keru; 3 ^ is 
integrable. 

Examples from torsion-free ylut(0)-manifolds shows that associative sub- 
manifolds where the Lie bracket on the tangent space vanishes can have 
arbitrary sharp, unless they are of maximal dimension. In contrary the ge- 
ometry of strongly associative (or strongly coassociative) submanifolds is 
partially controlled by the Cartan 3-form lo 3 . 

For any oriented submanifold N k in M n denote by T x N k the unit k- vector 
associated with the tangent subspace T x N k C T x M n . 

Proposition 6.4. 1. Assume that N 3 is a strongly associative 3-submanifold 
in a manifold M n provided with a 3-form lo 3 of type co s . Then the mean cur- 
vature H of N 3 satisfies the following equation for any x € A^ 3 

(6.1) H{xf = c ■ T x N 3 \dw 3 (x), 

where H(x)* denotes the covector in T*M dual to H(x) £ T X M with respect 
to the Riemannian metric K g (x), and c is a positive constant depending only 
on the Lie type of N 3 . 

2. Assume that N n ~ 3 is strongly coassociative submanifold of codimension 
3 in a manifold M n provided with a 3-form oj 3 of type uj s . Then the mean 
curvature H of N n ~ 3 satisfies the following equation for any x £ N n ~ 3 

(6.2) H(x)* = c ■ T x N n - 3 \d(*u 3 )(x), 
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where H{x)* denotes the covector in T*M dual to H{x) G T X M with respect 
to the Riemannian metric K s (x), and c is a positive constant depending only 
of the Lie type of N n ~ 3 . 

Proof. Let us choose c _1 = uj s (T x N 3 ) for strongly associative submanifold 
N 3 , x G iV 3 , and let us choose c 1 = *(uJ s )(T x N n 3 ) for strongly coassocia- 
tive submanifold N n ~ 3 , x G N n ~ 3 . By Theorem 3.1 in [19J c is a nonzero crit- 
ical value of the function foj B (x) (resp. f*u B (x)) defined on each Grassman- 
nian Gr% (T x M n ) of oriented 3-vectors, x G A^ 3 , (resp. on Gr^_ 3 (T x M n ), 
x G N n ~ 3 ) by setting f w (u) := u) g (x)(u) (resp. f w (u) := *uj g (x)(u)). 

Now Proposition 16.41 follows directly from [191 Lemma 1.1], where we 
computed the first variation formula for a Riemannian submanifold N k C M 
satisfying the condition that there is a differential form u on M such that 
u\ N k = vol\ N k and moreover the value u(x)(T x N k ) is a nonzero critical value 
of the function f u (x) defined on the Grassmannian Gr^ (T X M)) by setting 
fu){u) := uj{u). For a strongly associative submanifold iV 3 Lemma 1.1 in |19j 
yields 

Lemma 6.5. ( cf [19^ Lemma 1.1]^ For any point x G A^ 3 and for any normal 
vector X G T^N 3 we have 

(6.3) (—H(x),X) = c ■ doo 3 {X A T X ~N 3 ). 

Clearly (|6.4p is equivalent to (|6.3p . In the same way we prove ()6.2|) . □ 

Strongly associative or coassociative submanifolds of (co) dimension 3 
thus satisfy the equation in Proposition 16.41 which is a first order pertur- 
bation of the second order equation describing minimal submanifolds. On 
the other hand, as in [311 Proposition 2.3] we can also define strongly as- 
sociative submanifolds (resp. strongly coassociative manifolds) as integral 
submanifolds of some differential system on M. 

Proposition 6.6. A 3-submanifold N 3 C M n is strongly associative, if 
and only if the restriction of any 3-form on M with value in the subbun- 
dle dgip,^^ j ) to N 3 vanishes. A submanifold N n ~ 3 C M n is strongly 
coassociative, if the restriction of any (n — 3) -form on M with value in the 
subbundle *d a (£l'j ■, ) to N n ~ 3 vanishes. 

Proof. The first assertion of Proposition 16.61 is a direct consequence of \31\ 
Proposition 2.3] and Formula (|4.12p . The second assertion is a consequence 
of \31\ Proposition 2.3], Formula (|4.12p and the following identity 

p*(r)(*w g ) = *(p*(r)£j fl ) 

for any r G so(g) = A 2 (fj). □ 

Propositions 16.41 and 16.61 show that strongly associative submanifolds in 
dimension 3 and strongly coassociative submanifolds in co-dimension 3 be- 
have like calibrated submanifolds. 
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Proposition 16.41 can be generalized for other strongly (co)associative sub- 
manifolds N k , when k > 4, under some additional conditions on Lie type of 
N k . We say that a compact Lie subalgebra rj C is critical with respect to 
an Ad(o) -invariant k-form </>q on q, if rj is a critical point corresponding to 
a nonzero critical value of the function f^h defined on Gr^(g) as we defined 
above for = u s . 

Example 6.7. In |19j we showed that the canonical embedded Lie sub- 
algebra su(n) — > su(m), n < m, is critical with respect to an Ad(g)- 
invariant form cp n ~ 1 which is the wedge product of elementary AoI(q)- 
invariant (2k — l)-forms 2fc " 1 defined on 5u(m) as follows 

L (Xi, ■ ■ • ,X 2 k-i) = Re e a Tr(X a{l ) ■ ■ ■ X a ^k-i)) if k is even, 

[ (X 1 , ■ ■ ■ ,X 2 k-i) = Im ^2 ^aTr(X a ^ ■ ■■ X u{2k -i)) if k is odd, 



3 2A;-1, 



3 2A;-1, 



where Xi G su(m) and the multiplication is the usual matrix multiplication. 

In [19] and [20j using different methods we proved that the canonical 
embedded group SU(n) — > SU(m) is stable minimal with respect to the 
bi-invariant Riemannian metric on SU(m). 

Proposition 6.8. Assume that a Lie algebra f) C is a critical with respect 
to an Aut + (g) -invariant k-form 4>q on g. Then any associative submanifold 
N k of Lie type f) satisfies 

(6.4) H(x)* = T x N k \d(p k {x), 

where H(x)* denotes the covector in T*M dual to H(x) G T X M with re- 
spect to the Riemannian metric K g (x), and (fi k is the extension of </>q on 
M n . Moreover N k is orientable. A similar statement also holds for strongly 
coassociative submanifolds N n ~ k C M n . 

Proof. We can assume that 1 is a critical value of the function f^k defined 
on Gr^(g) and rj is a critical point corresponding to this value. Now ap- 
plying [19\ Lemma 1.1] to N k we obtain Proposition 16.81 immediately. (The 
orientability of N k is a consequence of the fact that the restriction of (j) k to 
N k is a nonzero form of top degree) . □ 



Remark 6.9. As a consequence of a result by Robles |31| Lemma 5.1], the 
differential ideal generated by differential forms taking value in d g (f2j^ ^ ) 

(resp. in *d g (£l^ u ^ ) is differentially closed, if M n is torsion-free. Robles 
also shows that in the torsion-free case the differential system corresponding 
to coassociative submanifolds of codimension 3 is not in involution. It is pos- 
sible that the considered differential system is not minimal in the sense that 
there is a smaller differential system having the same integral submanifolds, 
see [311 Remark 5.2]. 
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7. Final remarks 

1. The richness of geometry of manifolds equipped with a simple Cartan 
3-form demonstrated in our note shows that these manifolds could be consid- 
ered as natural generalizations of the notion of compact simple Lie groups in 
the category of Riemannian manifolds. There are many interesting 1-order 
differential operators on such manifolds, which we could exploit further to 
understand the geometry of underlying manifolds. One of the operators we 
have in our mind is the elliptic self-adjoint operator d+ d* + X(d s + 5 B ) , A G R, 
acting on J7*(M). It would be interesting to develop the theory further for 
manifolds of special algebraic type, especially to find topological constrains 
of manifolds with harmonic (//-forms. 

2. We have discussed in this note only first order invariants of considered 
manifolds and do not discuss the curvature of underlying Riemannian metric 
as well as relations between first oder invariants and second order invariants 
of these manifolds. 

3. It would be interesting to study Lie group actions and moments maps 
on manifolds with a closed form of type 4> l , see also [23J. 

4. Find sufficient and necessary conditions to ensure the local existence 
of a class (co) associative submanifolds. 

8. Appendix. Riemannian manifolds equipped with a parallel 

3-form 

In this Appendix we describe simply-connected complete Riemannian 
manifolds provided with a parallel 3-form. Let us first recall the follow- 
ing basis definitions. 

A 3-form u 3 on R 6 = C 3 is called a Special Lagrangian 3-form (or SL- 
form), if uj can be written as uj 3 = Re(dz 1 A dz 2 A dz 3 ). 

A 3-form uj 3 on R 7 = ImO is called of G^-type, if uj 3 is on the GL(R 7 )- 
orbit of the form Uq(X, Y, Z) := (XY, Z), where (, ) is the inner product on 
the octonion algebra O. 

A 3-form to 3 on M 2n+1 is called of product type of maximal rank, if a; 3 can 
be written as to 3 = dz A (X^ILi dx % A dy l ). 

A 3-form uj 3 on R n is called a compact simple Cartan form, if lo 3 = co s for 
some compact simple Lie algebra g. 

Theorem 8.1. Let M n be a connected simply connected complete Riemann- 
ian manifold provided with a parallel 3-form lo 3 . Then (M n ,uj 3 ) is a direct 
product of basis Riemannian manifolds Mi provided with a paralell k-form 
LOi of the following types. 

1) A Calabi- Yau 6-manifold M 6 provided with a SL 3-form. 

2) A (torsion-free) G2-manifold M 7 provided with a 3-form of G2-type. 

3) A compact simple Lie group or its noncompact dual with the associated 
Cartan 3-form. 

4) A Kdhler manifold M 2n with a Kahler form lo 2 . 
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5) A Euclidean space (M. k ,4> 3 ) provided with a parallel multi-symplectic 3- 
form <j) 3 . 

6) A Riemannian manifold N l with the zero 3- form. 

The 3-form w 3 is a sum of the SL-3-forms, G2-forms, a multiple by a 
nonzero constant of the Cartan 3-forms, and 3-forms of product type of 
maximal rank, whose precise description will be given in the proof below. 

Proof. Let G be the holonomy group of a connected simply connected Rie- 
mannian manifold M n provided with a parallel 3-form w 3 . By the de Rham 
theorem, see e.g. [21 10.43, chapter 10], M n is a product of Riemannian 
manifolds Mi,i £ I, such that G = Ui^jGi where Gi acts irreducibly on 
TMi for i > 1 and Mq is flat. Now choose an arbitrary point x € M n . Let 
L w 3 be the map defined in (|2.1[) . Since kerL^3 is a G-module, we have the 
following decomposition 

ker L W 3 = @ i£ jT x Mi (ker n T X M ), 

where J is some subset of I. Let N be a submanifold in M satisfying the 
following conditions: 

1. N 3 x and T X N = ker L u , 

2. N is invariant under the action of G. 

Note that there is a unique submanifold N C M satisfying the conditions 
1 and 2. Let W be the orthogonal complement to kerL. Denote by MP the 
subspace of the flat space Mq which is tangent to W. Set 

(8.1) := Iku\jMi x W. 

Then M n = N x M™. Let vr m : M n -> M™ be the natural projection. 
Clearly u 3 G tt* (O 3 (M^)) . Denote by w 3 the restriction of w 3 to Mj which 
enter in the decomposition (|8.ip . Since G preserves a; 3 , the subgroup Gj 
preserves the 3-form Cuf. 

Lemma 8.2. If of is not zero and Gi acts irreducibly on TMi then u)f is 
either a SL 3-form, or a G^-form, or a multiple of a Cartan simple form. 

Proof. Note that Gi is a subgroup of the stabilizer of w 3 . First we in- 
spect the list of all possible irreducible Riemannian holonomy groups in 
[21 table 1, chapter 10], using the fact that the groups U(n), SU(n) (resp. 
Sp(n), Sp(l)Sp(n)) have no invariant nonzero 3-form on the space M 2ri , if 
n ^ 3 (resp. on the space ]R 4n for all n), as well as Spin(7) has no-invariant 
3-form on M 8 , to conclude that Mj must be a symmetric space of type I 
or IV, or a Calabi-Yau 6-manifold, or a GVmanifold. Using the table of 
Poincare polynomials for symmetric spaces of type 1 in [Mj we obtain that 
the only symmetric spaces of type 1 and of dimension greater than equal 
3 with non-trivial Betti number 63 are compact simple Lie groups. This 
completes the proof of Lemma 18.21 □ 

Now we assume that Cuf = 0. We say that the 3-form a; 3 has rank 2 
on Mj, if for some x € Mi (and hence for all x € Mi) the linear map 
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L^ 3 : A 2 T x Mi — > T*M, v A w i— > v A u;Jw 3 , has nonzero image. We say that 
a; 3 has rank 1 on Mj if the image L^ 3 is zero and for some x E Mj (and 
hence for all x £ Mj) the map L w 3 : TMj — > T*M,v i— )■ fjw 3 has nonzero 
image. If both the maps and have trivial image, then clearly to 3 
belongs to the space A 3 (T*(M 1 x x M k )). 

Lemma 8.3. Assume that Q 3 = 0. Then the 3-form a; 3 has rank 2 on Mj 
and Mi is a Kahler manifold provided with a Kahler 2- form cof. Moreover 
there is a subspace Rj C W provided with a constant 1-form dx l such that 
the restriction of oj 3 to Mi x Rj is equal to Xidx 1 A uJf for some nonzero 
constant Aj. 

Proof. Assume that oj 3 has rank 1 on Mj. Then there is a vector v € T x Mi 
and two vectors u,w £ T^M™ such that u, v are orthogonal to T x Mi and 
u 3 (v,u, w) = 1. Since u,v are orthogonal to T x Mi the 1-form u A wJcj 3 
is invariant under the action of Gj. Taking into account the irreducibility 
of the action of Gi on T x Mi we obtain the first assertion of Lemma 18.31 
Thus w 3 has rank 2 on Mj, if uf = 0. It follows that there is a vector 
v G T x Mm such that v is orthogonal to T x Mi and w 3 (f,-u, w) = 1 for some 
two vectors u,w £ T x Mi. Repeating the previous argument, we conclude 
that v € T X MP and Gi leaves 0^ := (u\ui s )^ x Mi invariant. Since Gi acts 
irreducibly on T x Mi, the 2-form fij has maximal rank. We conclude that 
Mj is a Kahler manifold. Denote by Aj the bivector in A 2 T x Mj which is 
dual to Oj with respect to the Riemannian metric. Since the Kahler form 
on Mj is defined uniquely up to a nonzero scalar multiple, the two- vector 
Aj is defined uniquely up to a nonzero scalar multiple in the sense that Aj 
does not depend on the original vector u. Now set Ui := (Ai\uj 3 )^ P . Let 
Ui £ T X W be the vector dual to in with respect to the given Riemannian 
metric. Then Uj(nj) = 1. Clearly the restriction of w 3 to Mj x (uj)iR is a 
3-form of the product type of maximal rank. This completes the proof of 
Lemma 18.31 □ 

Let us complete the proof of Theorem 18.11 Set 

i 

where i € I\J and 7Tj : M — > Mi, ttq : M — > W are the natural projections. 
Clearly w 3 — is also invariant under the action of G. We note that the 
restriction of w 3 — cj 3 ^ to each Mj is zero, hence the rank of ui 3 — uj^ to 
each Mj has rank 2 by Lemma 18.31 Next we observe that the restriction of 
u 3 — uj^ to MP vanishes and it has rank 1, since in the opposite case, using 
the same argument as in the proof of Lemma 18.31 we conclude that one of 
the space Mj, i € I \ J, is flat, which contradicts our assumption. 

Lemma 8.4. We have w 3 — — ^ A Uj = 0. 
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Proof. By our construction the 3-form uj 3 — — Q, 1 A Uj belongs to the 
space 7Tg(Jl 3 (]R p )). On the other hand, the restriction of a; 3 — a;^ — ]P £2 l Au{ 
to MP is zero. This proves Lemma 18, 41 □ 

Clearly Lemma 18.41 completes the proof of Theorem 18.11 □ 
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